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ON PROJECTIONS OF SMOOTH AND NODAL PLANE
CURVES
YU. BURMAN AND SERGE LVOVSKI
Abstract. Suppose that C ⊂ P2 is a general enough nodal plane curve
of degree > 2, ν : Cˆ → C is its normalization, and pi : Cˆ → P1 is a finite
morphism simply ramified over the same set of points as a projection
prp ◦ν : Cˆ → P
1, where p ∈ P2 \ C (if degC = 3, one should assume in
addition that deg pi 6= 4). We prove that the morphism pi is equivalent to
such a projection if and only if it extends to a finite morphismX → (P2)∗
ramified over C∗, where X is a smooth surface.
As a by-product, we prove the Chisini conjecture for mappings ram-
ified over duals to general nodal curves of any degree ≥ 3 except for
duals to smooth cubics; this strengthens one of Victor Kulikov’s results.
1. Introduction
Let C ⊂ P2 be a projective curve of degree d > 2 such that all its singu-
larities are nodes, and let ν : Cˆ → C be the normalization mapping. For a
point p /∈ C consider the projection prp : C → P
1 = p⊥ from p; here p⊥ ⊂ P2
is the set of lines passing through p, and prp assigns to x the line joining
p and x. The composition prp ◦ν : Cˆ → P
1 will be called a generalized
projection; its branch locus coincides with p⊥∩C∗, where C∗ ⊂ (P2)∗ is the
curve dual to C. The generalized projection has simple ramification if and
only if p⊥ is transversal to C∗.
Suppose that π : C ′ → p⊥, where C ′ is a smooth projective curve, is a
holomorphic mapping with simple ramification and such that the branch
locus of π coincides with p⊥ ∩C∗. We are looking for a criterion for π to be
isomorphic to the generalized projection prp ◦ν.
Problem background. Consider first the case when C is smooth. An easy
dimension count shows that if d > 3 then the branch locus of a projection is
not arbitrary. Namely, it follows from the Riemann–Hurwitz formula that a
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degree d map from a curve of degree d has d(d− 1) critical values, provided
the ramification is simple. So, its branch locus is a point of Symd(d−1) P1 =
P
d(d−1). The space of projective curves C ⊂ P2 of degree d has dimension(
d+2
2
)
− 1 = d(d+3)/2. For a point p ∈ P2 there is a 3-dimensional group of
projective automorphisms P2 → P2 preserving p and all the lines containing
p. So, the space of all projections has the dimension md := d(d+3)/2− 3 =
(d2 + 3d− 6)/2≪ d(d− 1) for large d.
Consider now small d. For d = 1 and d = 2 the situation is trivial. For
d = 3 one has m3 = 6 = 3(3 − 1), and indeed, it is easy to see that any
6 pairwise distinct points a1, . . . , a6 ∈ P
1 are branch points of a suitable
generic projection of a cubic curve.
The case d = 4 was studied in detail by R.Vakil in [Vak01]. Herem4 = 11,
4(4 − 1) = 12, so branch loci of generic projections lie in a hypersurface
V ⊂ P12. For a point a ∈ V there are 255 pairs (C ′, π) where C ′ is a smooth
curve and a is the branch locus of the mapping π : C ′ → P1 of degree 4.
For 120 pairs C ′ is a smooth plane projective curve and π is isomorphic to a
projection. For the remaining 135 pairs the curve C ′ is genus 3 hyperelliptic,
hence not plane.
For d > 4 it is easy to derive from [EGH96, Proposition 1] that if C ′ is
a smooth plane projective curve then each degree d mapping π : C ′ → P1
is isomorphic to a projection. We do not, though, assume C ′ to be a plane
curve, so a situation similar to the d = 4 case may arise; cf. Proposition 5.1.
For C nodal a degree d map Cˆ → P1 does not need to be equivalent to a
projection.
Main results. To make our problem more tractable we impose some gener-
ality hypotheses on the curves and mappings in question. To wit, we will
assume that the mappings π : Cˆ → P1 have simple ramification (see Defini-
tion 1.5 below) and that the nodal curve C ⊂ P2 is general enough in the
sense of Definition 1.6. If ν : Cˆ → C is the normalization, then for the gen-
eral point p ∈ P2 \ C the generalized projection prp ◦ν : Cˆ → P
1 has simple
ramification.
We will say that the holomorphic mappings ϕ1 : C1 → P
1 and ϕ2 : C2 →
P
1 are equivalent if there exists a holomorphic isomorphism ψ : C1 → C2
such that ϕ2 ◦ ψ = ϕ1.
Theorem 1.1. Suppose that C ⊂ P2 is a nodal curve of degree > 2 that
is general enough in the sense of Definition 1.6. Suppose that a point p ∈
P
2 \C is such that the composition prp ◦ν : Cˆ → P
1, where ν : Cˆ → C is the
normalization and prp : C → p
⊥ = P1 is the projection from p, has simple
ramification. Suppose that C ′ is a smooth projective curve and π : C ′ → p⊥
is a holomorphic mapping with simple ramification such that the branch locus
of π coincides with p⊥ ∩C∗. If degC = 3, assume in addition that C has a
node or degπ 6= 4. Then the following two conditions are equivalent:
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(a) π is equivalent to prp ◦ν: there exists an isomorphism ϕ : C
′ → Cˆ such
that (prp ◦ν) ◦ ϕ = π.
(b) There exist a smooth projective surface X, a finite holomorphic map-
ping f : X → (P2)∗ that is ramified exactly over C∗, and an isomorphism
ϕ : C ′ → f−1(p⊥) such that f |f−1(p⊥) ◦ ϕ = π.
Remark 1.2. The implication (a) ⇒ (b) holds without the genericity hy-
potheses, for arbitrary nodal curves and arbitrary generalized projections.
See the proof of Proposition 2.1 below.
Remark 1.3. If C is a smooth cubic and deg f = 4 then the theorem is
wrong; see Remark 4.14.
Remark 1.4. The condition of smoothness of X in the theorem cannot be
omitted, at least for deg f equal to 3 or 4: in Section 5 we show that for
d = 3 and 4 there exists a general enough smooth curve C ⊂ P2 of degree d,
a line p⊥ ⊂ (P2)∗ (for some p ∈ P2) transversal to C∗, a smooth projective
curve C ′, and a morphism π : C ′ → p⊥ simply ramified over p⊥ ∩ C∗ such
that condition (b) of Theorem 1.1 with the smoothness omitted holds but
π is not equivalent to the projection prp (Proposition 5.1). We do not know
similar counterexamples with d > 4.
In other words, if we are given a simply ramified covering of P1 with
the same branch locus as that of a (generalized) projection from a given
point p, then this covering is the generalized projection if and only if it can
be extended to a finite ramified covering of (P2)∗ branched over C∗, with a
smooth surface upstairs.
Theorem 1.1 may be restated in topological terms: we will show that if
L ⊂ (P2)∗ is a projective line then the mapping π : C ′ → L is equivalent to
the generalized projection prp ◦ν if and only if the covering π
−1(L \ C∗)→
L \ C∗ can be extended to a covering X0 → (P
2)∗ \ C∗ such that its fiber
monodromy satisfies some extra conditions (C∗ must have no bad nodes or
bad cusps in the sense of Definitions 3.2 and 3.3); see Theorem 4.15.
Note that we make (almost) no assumption about genus of the curve C ′
or degree of the morphism f .
The (a) ⇒ (b) implication in Theorem 1.1 is easy (see Section 2). If
degC ≥ 7, the (b) ⇒ (a) implication follows very easily from Theorem 10
of Victor Kulikov’s paper [Kul99] (see Proposition 4.2 below), but for the
remaining cases 3 ≤ degC ≤ 6, where the Chisini conjecture for coverings
ramified over C∗ is not completely proved, it requires more work. We give
an argument that works uniformly in all cases, including the case degC ≥ 7;
our proof is quite different from Kulikov’s one. As a by-product, we establish
the Chisini conjecture for coverings of P2 ramified over curves dual to general
enough nodal curves of degrees 4, 5, and 6 (and of degree 3 provided that
either the curve does have a node or degree of the covering is not 4). This
extends Theorem 10 from [Kul99].
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The paper is organized as follows. In Section 2 we prove the easy part
of Theorem 1.1. In Section 3 we study coverings of the projective plane
that are ramified over a curve having only nodes and standard cusps as
singularities, and in Section 4 we prove the difficult part of Theorem 1.1.
Finally, in Section 5 we show that, at least if degC = 3 and degC = 4, the
smoothness condition in Theorem 1.1 cannot be omitted.
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Notation, conventions, and definitions
The base field for all the algebraic varieties will be the field C of complex
numbers.
Except for the case when we mention explicitly Zariski topology, all topo-
logical spaces will be assumed Hausdorff and locally simply connected, and
all the topological terms will refer to the classical topology of complex alge-
braic varieties.
We will say that a singular point of a curve is a node if it is locally
analytically isomorphic to the singularity of the plane curve defined by the
equation xy = 0, and that a singular point is a standard cusp (or simply a
cusp) if it is locally analytically isomorphic to the singularity of the plane
curve defined by the equation y2 + x3 = 0.
If f : X → Y is a finite holomorphic map of smooth varieties of equal
dimension, then by ramification locus (a.k.a. the set of critical points) of f
we mean the closed subset
R = {x ∈ X | derivative of f is degenerate at x};
by branch locus (a.k.a. the set of critical values) of f we mean the subset
f(R) ⊂ Y .
Let f : W → V be a covering of topological spaces, and take v0 ∈ V .
Then the action of the group π1(V, v0) on the set f
−1(v0) via loop lifting
will be called the fiber monodromy of f .
If f : Y → X is a finite morphism of algebraic varieties of equal dimension
(i.e., a proper holomorphic map with finite fibers) and B ⊂ X is its branch
locus, then the restriction of f to f−1(X \B) ⊂ Y is a finite-sheeted covering
of topological spaces. Take x0 ∈ X \B. Then by fiber monodromy of f we
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will mean fiber monodromy of the covering f−1(X \B)→ Y \B with respect
to the point x0.
Suppose now thatX = P1, so the branch locusB ⊂ P1 is a finite set. If p ∈
B and γp is the conjugacy class in π1(P
1 \B) corresponding to a small loop
around p, then the image of γp under the fiber monodromy homomorphism
is a conjugacy class in the symmetric group Sd, where d is the number of
points in f−1(x0). This conjugacy class (or the corresponding partition of
d) is called the cyclic type of the point p.
Definition 1.5. Suppose that C is a smooth projective curve. We will say
that a finite morphism f : C → P1 has simple ramification if each branch
point ξ ∈ P1 has the cyclic type of a transposition.
If C ⊂ P2 is a nodal curve and ν : Cˆ → C is the normalization, then the
generalized projection of Cˆ from a general point of P2 has simple ramifica-
tion.
Definition 1.6. Suppose that C ⊂ P2 is an irreducible projective curve
such that each singular point of C is a node. Let us say that C is general
enough if the following conditions are satisfied.
– all the inflexion points of C are simple;
– no line is tangent to C at more than two points;
– if a line is tangent to C at an inflexion point, it is not tangent to C
elsewhere.
Here, we assume that a line is tangent to C if it is either tangent to C at
a smooth point or tangent to a branch of C at a node. By inflexion point
we mean either a smooth point x ∈ C for which the local intersection index
of C with its tangent at x is greater than 2, or a node x ∈ C for which the
local intersection index of at least one of the two (limiting) tangent lines
to branches a x with the corresponding branch is greater than 2; we say
that an inflexion point is simple if the intersection index in question equals
exactly 3.
For a projective subspace α ⊂ Pn we denote by α⊥ ⊂ (Pn)∗ the set of
hyperplanes in Pn containing α, where (Pn)∗ is the dual projective space. If
dimα = k then α⊥ ⊂ (Pn)∗ is a projective subspace of dimension n− 1− k;
in particular, if α is a point then α⊥ is a hyperplane (denoted by Hα in
SGA7, see [DK73]).
If X ⊂ Pn is a projective variety, then by X∗ ⊂ (Pn)∗ we will denote its
projective dual, i.e., the closure of the set of hyperplanes tangent to X at
smooth points.
We also will be using the notation α⊥ and X∗ when α,X ⊂ (Pn)∗, where
the canonical isomorphism ((Pn)∗)∗ = Pn is assumed.
If X ⊂ P2 is a projective curve, we say that a line L ⊂ P2 is transversal
to X if L does not pass through singular points of X and is not tangent to
X at any non-singular point.
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If D1 and D2 are Cartier divisors on a projective surface, then (D1,D2)
stands for their intersection index.
2. Proof of the (a)⇒ (b) implication in Theorem 1.1
This part of Theorem 1.1 follows immediately from
Proposition 2.1. Suppose that C ⊂ P2 is a nodal curve, ν : Cˆ → C is
the normalization, p ∈ P2 \ C, and prp : C → p
⊥ is the projection from p.
Then there exists a smooth projective surface XC , a finite regular mapping
fC : XC → (P
2)∗ having the dual curve C∗ ⊂ (P2)∗ as its branch locus, and
an isomorphism ϕ : Cˆ → f−1C (p
⊥) such that fC ◦ ϕ = prp ◦ν.
Proof. Put
(1) XC = {(x, t) ∈ Cˆ × (P
2)∗ | ν(x) ∈ t⊥}.
The surface XC , being the projectivization of the vector bundle ν
∗TP2(−1),
is smooth.
Define the mapping fC : XC → (P
2)∗ by the formula
(2) f(x, t) = t.
For t ∈ (P2)∗,
f−1C (t) = {(x, t) | ν(x) ∈ t
⊥};
f is a finite morphism of degree d since for the general t ∈ (P2)∗ the line t⊥
intersects C at d smooth points. Its branch locus is the set of t such that
t⊥ is either tangent to C at a smooth point or tangent to a branch of C at
a node, so the branch locus of f coincides with C∗.
If p ∈ P2 \ C then
f−1C (p
⊥) = {(x, t) ∈ Cˆ × (P2)∗ | ν(x), p ∈ t⊥}.
It is clear that the mapping ϕ : Cˆ → f−1(p⊥) sending x to the pair (x, px)
is the required isomorphism. 
3. Plastering of generic coverings over complements to curves
In this section we prepare for the proof of the implication (b) ⇒ (a) in
Theorem 1.1.
We start with a simple general fact. Suppose that D ⊂ P2 is an arbitrary
projective curve, X0 is a smooth affine surface and f0 : X0 → P
2 \ D is a
finite (topological) covering.
Proposition 3.1. Suppose that, in the above setting, there exists a line
L0 ⊂ P
2 transversal to D such that the induced covering f−10 (L0)→ L0 \D
has simple ramification. Then for any line L ⊂ P2 transversal to D the
induced covering f−10 (L)→ L \D also has simple ramification.
Following [Kul99], we will say that coverings satisfying hypotheses of the
proposition are generic.
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Proof of the proposition. The set
U = {t ∈ (P2)∗ | t⊥ is transversal to D}
is arcwise connected; let γ : [0, 1] → U be a path such that γ(0) = L0,
γ(1) = L. Let also
X = {(x, t) ∈ (P2 \D)× U | x ∈ t⊥};
the natural projection p : X → U is a locally trivial fiber bundle with the
fiber homeomorphic to P1 punctured at degD points. The pullback cov-
ering p∗f0 : X˜ → X restricted to p
−1(t) ⊂ X is isomorphic to the cover-
ing f−10 (t
⊥) → t⊥. The pullback bundle γ∗p : X → [0, 1] is trivial, so the
proposition follows. 
If f0 : X0 → P
2 \ D is a covering, then X0 carries a unique structure of
complex variety for which the mapping f is a finite unramified morphism.
Suppose now that the covering is generic and all the singularities of the
curve D are nodes or standard cusps. It follows from a theorem of Grauert
and Remmert [Gro71, Expose´ XII, The´ore`me 5.4] that in this situation f0
extends uniquely to a finite mapping f : X → P2 with normal X. A well-
known GAGA-style result [Gro71, Expose´ 12, Corollaire 4.6] implies that the
resulting complex space X will be a projective surface. We are going now
to describe explicitly the singularities of surface X as well as the structure
of the mapping f near ramification locus.
In the sequel, ∆ will denote the unit disk {z : |z| < 1} ⊂ C, and ∆∗ will
stand for the punctured disk ∆ \ {0}.
Suppose that q is a node of D; choose a neighborhood U ∋ q and an
isomorphism U → ∆2 such that D ∩ U is mapped to the set {(x, y) ∈ D2 |
xy = 0}. Fix a point q0 ∈ U \D. The covering f
−1
0 (U \D)→ U \D induces
a fiber monodromy action of the group π1(U \ D, q0) = Z ⊕ Z on the set
f−1(q0).
The two generators of π1(U \ D, q0) are the small loops around two
branches of D at q; since f0 is a generic covering, Proposition 3.1 shows
that the generators act on f−1(q0) by transpositions. These transpositions
commute, so they can be either disjoint or equal.
Definition 3.2. In the above setting, we will say that a node q ∈ D is good
(with respect to the covering f0) if the two generators of π1(U \D, q0) act
by disjoint transpositions.
We will say that a node q ∈ D is bad (with respect to f0) if they act by
equal transpositions.
Suppose now that q is a (standard) cusp of the curve D. Choose a neigh-
borhood U ∋ q and an isomorphism U → ∆2 such that D ∩ U is mapped
to the set {(x, y) ∈ D2 | x3 + y2 = 0}. Fix a point q0 ∈ U \D. The cover-
ing X \ f−1(D) → P2 \ D induces a fiber monodromy action of the group
π1(U \D, q0) on the set f
−1(q0). It is well known that π1(U \D, q0) is isomor-
phic to the Artin braid group on 3 strings B3 = 〈u, v | uvu = vuv〉, where
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the generators u and v correspond to the two loops around two intersection
points ℓ ∩D, where ℓ is a line close to q.
Since f0 is a generic covering, the elements u and v of π1(U \D, q0) act on
f−1(q0) by transpositions. These transpositions (call them U and V ) satisfy
the relations UV U = V UV , so they are either non-commuting or equal.
Definition 3.3. In the above setting, we will say that the cusp q ∈ D is
good (with respect to the covering f0) if the transpositions U and V are
non-commuting.
We will say that the cusp q ∈ D is bad (with respect to f0) if U = V .
Proposition 3.4 (cf. [Kul99, Section 1.3]). The local behavior of the map-
ping f near points of the preimage f−1(q), q ∈ D, is as follows:
(1) If q is a smooth point of D then f−1(q) consists of d− 1 points, and
X smooth at all of them. At exactly one of them f is ramified, and
near this point f is locally isomorphic to f(x, y) = (x, y2).
(2) If q is a good node then f−1(q) consists of d − 2 points, and X is
smooth at all of them. At exactly two of them f is ramified, with the
same local behavior as in Case 1.
(3) If q is a bad node then f−1(q) consists of d − 1 points. All of them
except one are smooth. The remaining point is singular, locally iso-
morphic to {(x, y, z) ∈ ∆3 | z2 = xy} (Du Val’s A1); the mapping f
in the same coordinates is f(x, y, z) = (x, y).
(4) If q is a good cusp then f−1(q) consists of d − 2 points, and X is
smooth at all of them. At exactly one of them f is ramified, and the
pair (X, f) near this point is locally isomorphic to X = {(x, y, z) ∈
∆3 | z3 + 3xz + 2y = 0}, f(x, y, z) = (x, y).
(5) If q is a bad cusp then f−1(q) consists of d − 1 points. All of them
except one are smooth, the remaining point is singular, locally iso-
morphic to {(x, y, z) ∈ ∆3 | z2 = x3+y2} (Du Val’s A2); the mapping
f in the same coordinates is f(x, y, z) = (x, y).
Proof. A direct computation shows that the branch loci B of the local models
described above are as follows: B = {(x, 0) | x ∈ ∆} for case 1, B = {(x, y) ∈
∆2 | xy = 0} for the cases 2 and 3, and B = {(x, y) ∈ ∆2 | x3 + y2 = 0}
for the cases 4 and 5. Thus, in all the cases the branch loci are locally
biholomorphic to the curve D in a neighbourhood of q.
By the uniqueness statement of the Grauert–Remmert theorem it is
enough to check that the monodromy action of π1(P
2 \ D) on the fiber
f−10 (q) ⊂ X is isomorphic to the action of π1(∆
2 \B) on the fiber over 0 in
the local model. If a ∈ f−1(q) is a smooth point such that f has the normal
form f(z) = zk in it, then the monodromy action is a cycle of length k; this
proves the statement in cases 1 and 2. In case 3 the branch locus is a union
of two lines; the group π1(∆
2 \B) is generated by two loops circling around
these lines; apparently, they both act by the same transposition of the two
preimages of the origin.
ON PROJECTIONS OF SMOOTH AND NODAL PLANE CURVES 9
To cover cases 4 and 5 notice that π1(∆
2 \B) = B3 in both of them. Any
homomorphism B3 → S3 maps the standard generators of the group into
permutations U and V satisfying UV U = V UV ; it is easy to see that such
U and V must be transpositions, either equal or non-commuting. So, there
exist only two actions, up to conjugation, of B3 on a set of three elements;
this proves the statement in cases 4 and 5. 
Suppose that C ⊂ P2 is a nodal projective curve that is general enough
in the sense of Definition 1.6 and that L ⊂ (P2)∗ is a line transversal to C∗.
Suppose in addition that π : C ′ → L, where C ′ is a smooth projective
curve, is a holomorphic mapping with simple ramification and with branch
locus L ∩ C∗. Choose a point t0 ∈ L \ C
∗.
Corollary 3.5. If the fiber monodromy homomorphism π1(L \ C
∗, t0) →
Perm(π−1(t0)) factors through the homomorphism π1(L \ C
∗, t0)→ π1(P
2 \
C∗, t0) induced by the embedding L →֒ (P
2)∗, then there exists a unique pair
(X, f), where X is a normal projective surface and f : X → (P2)∗ is a finite
holomorphic mapping such that f |f−1(L) = π.
Over each node of C, there is at most one singular point of X, and it
must be a Du Val A1-singularity. Over each cusp of C
∗, there is at most
one singular point of X, and it must be a Du Val A2-singularity. The other
points of X are smooth.
Proof. Since the monodromy π1(L\C
∗, t0)→ Perm(π
−1(t0)) factors through
the homomorphism π1(L\C
∗, t0)→ π1(P
2\C∗, t0), there exists a topological
covering X0 → (P
2)∗ \ C∗ of degree deg π extending the covering π−1(L \
C∗)→ L \C∗. The restriction of f0 to the line transversal to C
∗ has simple
ramification, so f0 is a generic covering by Proposition 3.1. The rest follows
from Proposition 3.4 with D = C∗. 
4. Smooth surfaces simply ramified over duals to general
nodal curves
In this section we prove the (b)⇒ (a) implication in Theorem 1.1.
Throughout this section we will be working in the following setting. C ⊂
P
2 is a nodal curve that is general enough in the sense of Definition 1.6, C∗ ⊂
(P2)∗ is the dual curve, X is a smooth projective surface, f : X → (P2)∗ is a
finite holomorphic mapping with simple ramification and branch locus C∗.
Recall that the smooth surface XC and the mapping fC : XC → (P
2)∗ were
defined by equations (1) and (2), respectively.
For the point p ∈ P2 denote by prp : C → p
⊥ = P1 the projection of C
from p. Also denote by ν : Cˆ → C the normalization mapping. Suppose
that Φ: X → XC is an isomorphism such that fC ◦Φ = f .
Proposition 4.1. Let p be such that the composition prp : C → p
⊥ has
simple ramification. Then for C ′ := f−1(p⊥) there exists an isomorphism
ϕ : Cˆ → C ′ such that f ◦ ϕ = prp ◦ν.
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Proof. The required isomorphism ϕ is just the restriction of Φ−1 to f−1C (p
⊥).

Proposition 4.2. The (b)⇒ (a) implication in Theorem 1.1 holds in each
of the following cases.
(1) degC ≥ 7;
(2) degC = 6 and C has at least one node;
(3) degC = 5 and C has at least three nodes.
Proof. Theorem 10 from [Kul99] says that if C satisfies the hypothesis of
the proposition, then a finite mapping f : X → (P2)∗ with simple ramifica-
tion over C∗ is unique. Thus, the mapping f : X → (P2)∗ is equivalent to
fC : XC → (P
2)∗, and Proposition 4.1 applies. 
The rest of this section is devoted to the proof of the (b)⇒ (a) implication
in Theorem 1.1 in the remaining cases. This proof is independent of the
results of [Kul99] and works for all the cases in Theorem 1.1, including
those covered by Proposition 4.2.
It follows from the hypotheses on C that the dual curve C∗ ⊂ (P2)∗ has
no inflexion points, all the singularities of C∗ are nodes and standard cusps,
and no line is tangent to C∗ at three points (bitangents of C∗ correspond to
nodes of C).
Proposition 4.3. Suppose that L ⊂ (P2)∗ is a line such that the point L⊥
does not lie on C. Then the curve f−1(L) ⊂ X is smooth.
Proof. By virtue of projective duality one has C = (C∗)∗. Hence, for a line
L ⊂ (P2)∗, one has L⊥ ∈ C if and only if L either is tangent to C∗ at a
smooth point, or is tangent to a branch of C∗ at a node (we call such L a
tangent to C at the node), or is the (limiting) tangent to C at a cusp. In
the third case L⊥ is an inflexion point of C, in the second case it lies on
a double tangent to C, and in the first case neither takes place. Now the
result follows immediately from cases 1, 4 of Proposition 3.4, where one puts
D = C∗. 
Proposition 4.4. Suppose that a line L ⊂ (P2)∗ is tangent to C∗ (at a
smooth point, a node, or a cusp). Then the curve f−1(L) has singular points
only over the points of tangency; moreover, there is exactly one singular
point of f−1(L) over each point of tangency, and this singular point is a
node.
Proof. Since the curve (C∗)∗ = C has no cusps, the curve C∗ has no inflexion
points; now everything follows from Proposition 3.4. 
Let the line L ⊂ (P2)∗, where L⊥ /∈ C, vary. Proposition 4.3 shows
that the curve f−1(L) is smooth for such L, so variation of L induces a
monodromy action of π1(P
2 \C) on H1(f−1(L),Z). More formally, consider
the incidence variety
(3) I = {(p, x) ∈ P2 ×X : f(x) ∈ p⊥}
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and denote by pr1 : I → P
2 and pr2 : I → X the projections. For each
p ∈ P2 \ C the fiber pr−11 (p) is isomorphic to f
−1(p⊥). It follows from
Proposition 4.3 that the derivative of pr1 has maximal rank everywhere
on pr−11 (P
2 \ C), whence pr1 restricts to a locally trivial fibration over the
preimage of P2 \C. So, for a point q ∈ P2 \C the fundamental group π1(P
2 \
C, q) acts on H1(f−1(q⊥),Z); this is the monodromy action in question.
Proposition 4.5. The image of the monodromy action of π1(P
2 \ C, q) on
H1(f−1(q⊥),Z) is cyclic of order dividing d = degC.
Proof. Since C is a nodal projective curve, the group π1(P
2 \ C) is abelian
(see [Del81]), whence it is isomorphic to H1(P
2\C,Z); the latter is obviously
cyclic of order d. 
Recall the main result of local Picard–Lefschetz theory for Lefschetz pen-
cils with one-dimensional fiber ([DK73, Expose´ XIV, 3.2.5] or [Lam81, §§ 5
and 6]).
Proposition 4.6. Suppose that X is a 2-dimensional complex manifold and
p : X → ∆ is a proper surjective holomorphic mapping with the following
properties.
(i) Over ∆∗, the mapping p has no critical points.
(ii) In p−1(0), the mapping p has only one critical point w and the Hessian
of p at w is non-degenerate.
(iii) All fibers of p are connected.
Fix a point z0 ∈ ∆
∗ and put C = p−1(z0) (in view of (i), C is a compact
Riemann surface). Then
(a) The curve C0 = p
−1(0) is smooth everywhere except for a node at w.
(b) The curve C contains an embedded circle S such that C0 is homeo-
morphic to the quotient space C/S.
(c) The monodromy operator on H1(C,Z) corresponding to the generator
of π1(∆
∗) is defined by the formula
(4) x 7→ x− (x, c)c,
where c ∈ H1(C,Z) is the Poincare´ dual of the fundamental class of S.
(The circle S, as well as its Poincare´ dual cohomology class, is called
vanishing cycle.)
Put C0 = f
−1(ℓ), where ℓ ⊂ (P2)∗ is a general line, and denote the genus
of C0 by g.
Proposition 4.7. Suppose that L ⊂ (P2)∗ is a line such that L⊥ ∈ C. Then
the curve f−1(L) is connected, and L can be tangent to C∗ only at one or
two points.
Proof. The connectedness of f−1(L) (for arbitrary L) follows from [FH79,
Proposition 1]. A line L cannot be tangent to C∗ at more than two points
since all the singularities of the curve C = (C∗)∗ are nodes. 
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Proposition 4.8. If a line L ⊂ (P2)∗ is tangent to C∗ at one point, then the
curve f−1(L) is homeomorphic to the quotient space C0/S, where S ⊂ C0 is
homeomorphic to the circle and S is homologous to zero in C0.
Proof. Take a point t ∈ L \ C∗, so that L⊥ ∈ t⊥ ⊂ P2, and t⊥ is transversal
to C. Then consider the incidence variety
(5) X˜ = {(x, a) ∈ X × t⊥ : f(x) ∈ a⊥}
(the surface X˜ is just the blow-up of X at f−1(t)). The existence of S
follows now from Proposition 4.6 applied to the natural projection X˜ → t⊥
restricted on the preimage of a small disk ∆ ⊂ t⊥ centered at L⊥.
We are left only to check that the vanishing cycle is zero-homologous.
Choosing z0 ∈ ∆ \ {L
⊥} and putting C0 = f
−1(L), observe that ∆ \ L⊥ ⊂
P
2 \ C, so the monodromy representation
(6) π1(∆ \ {L
⊥})→ Aut(H1(C0,Z))
factors through the monodromy representation
(7) π1(P
2 \ C)→ Aut(H1(C0,Z)).
The image of the homomorphism (7) is finite by Proposition 4.5, whence
the image of the generator of π1(∆ \ {L
⊥}) under the homomorphism (6)
has finite order k. The kth power of the monodromy operator (4) is
x 7→ x− k · (x, c)c,
which is identity if and only if (c, x) = 0 for all x ∈ H1(C0,Z). So, c = 0
and the curve S is homologous to zero. 
Proposition 4.9. Suppose that degC > 2 and L ⊂ (P2)∗ is a line tangent
to C∗ at exactly one point q. Then only the following two cases are possible:
(a) f−1(L) = Y1 ∪ Y2, where Y1 and Y2 are smooth projective curves
intersecting transversally at a point lying over q, where the restriction
f |Y1 : Y1 → L is an isomorphism, the restriction f |Y2 : Y2 → L has de-
gree > 1, and (Y1, Y1) = 0;
(b) C is a smooth cubic curve and f is equivalent to a projection of the
Veronese surface v2(P
2) ⊂ P4 (in particular, deg f = 4). In this case both Y1
and Y2 is a smooth rational curve, and each of the restrictios f |Y1 : Yj → L
has degree 2.
Proof. Propositions 4.8 and 4.7 show that f−1(L) = Y is a connected curve
homeomorphic to the quotient space Y ′/S, where Y ′ is a sphere with han-
dles, and S ⊂ Y ′ is a zero-homologous circle. Then Y ′/S is homeomorphic
to the wedge sum of two spheres with handles, so the curve Y has exactly
two components.
Since the divisor Y = Y1+Y2 is the inverse image of the line L ⊂ (P
2)∗ and
f(Y1) = f(Y2) = L (which follows from the finiteness of the morphism f),
one has, for j = 1 or 2,
(8) (Yj, Y1 + Y2) = deg(f |Yj ) > 0.
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The curves Y1 and Y2 intersect transversally at one point, whence (Y1, Y2) =
1 and therefore
(9) (Y1, Y1) ≥ 0, (Y2, Y2) ≥ 0.
Denote by V ⊂ H2(X,R) the subspace generated by fundamental classes
of Y1 and Y2. Consider two cases.
Case 1 : dimV = 1. In this case the classes of Y1 and Y2 are proportional:
Y2 = rY1.
Observe that the number r must be positive because (Y1, f
−1L) > 0,
(Y2, f
−1L) > 0 for a general line L ⊂ (P2)∗. Since
1 = (Y1, Y2) = r(Y1, Y1) = r
−1(Y2, Y2),
and both (Y1, Y1) and (Y2, Y2) are integers, one has r = 1, so that Y1 = Y2 in
cohomology, and (Y1, Y1) = (Y2, Y2) = 1. Since homology classes of C and
C ′ are equal and C + C ′ = f−1(L) is an ample divisor, the divisors C and
C ′ are also ample. Now deg f = (Y1 + Y2, Y1 + Y2) = 4. Since fundamental
classes of the curves Y1 and Y2 coincide, their genera are the same; denote
this number by g.
Lemma 4.10. The curves Y1 and f
−1(L) have the same genus.
Proof. Observe that the surface X˜ defined by the equation (5) with the nat-
ural projection q : X˜ → t⊥ is a Lefschetz pencil. Now a standard argument
(see, for example, [DK73, Expose´ XVIII, Theorems 5.6.8 and 5.6.2]) shows
that image of the natural injection H1(X,C) →֒ H1(f−1(L),C), where the
line L ⊂ (P2)∗ is transversal to C∗ and passes through t, coincides with the
invariant subspace
H1(f−1(L))pi1(L\C
∗).
Put f−1(L) = H; since the monodromy group is generated by the opera-
tors (6) and all the vanishing cycles c are zero in view of Proposition 4.8,
we conclude that the restriction H1(X,C) →֒ H1(H,C) is an isomorphism,
whence the homomorphism H1(X,OX ) → H
1(H,OH ) from the exact se-
quence
0→ OX(−H)→ OX → OH → 0
is also an isomorphism; the Kodairra vanishing theorem and Serre’s duality
show then that this is equivalent to the equation dim |KX | = dim |KX +H|;
since dim |H| > 0, this is equivalent to the relation |KX +H| = ∅
(cf. [L′v94, Proposition 6.1]).
Since H = Y1 + Y2 and Y2 is an effective divisor, it follows now that
the linear system |KX + Y1| is also empty; since the divisor Y1 is am-
ple, the above argument in the reverse order shows that H1(X,OX ) ∼=
H1(Y1,OY1). Thus, genera of the curves f
−1(L) = H and Y1 are both
equal to dimH1(X,OX ). 
If a line L′ ⊂ (P2)∗ is transversal to C∗, then, according to Proposi-
tion 4.6b, Y1∪Y2 is homeomorphic to Y
′ = f−1(L′) with a circle contracted
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to a point. Hence, the genus of Y ′ equals 2g. Since 2g = g by Lemma 4.10,
we infer that g = 0. Thus, Y1 and Y2 are smooth rational ample curves
with self-intersection indices 1 on the smooth projective surface X. It is
well known (see, for example, [Lvo, Proposition 2.3]) that if a smooth ra-
tional curve Y on a smooth projective surface X is ample and (Y, Y ) = 1,
then there exists an isomorphism from X to P2 mapping Y to a line. Thus,
X ∼= P2 and OX(f
−1(L)) ∼= OP2(2), so the mapping f : X → P
2 is isomor-
phic to a projection prΛ : v2(P
2) → P2, where v2(P
2) ⊂ P5 is the quadratic
Veronese surface and Λ ⊂ P5 is a 2-plane disjoint from v2(P
2). Since the
curve C∗ is the branch locus of the projection prΛ, its dual curve C ⊂ P
2 co-
incides with the intersection (v2(P
2))∗∩Λ⊥ (cf. the proof of Proposition 5.1
below), which is clearly a smooth plane cubic since (v2(P
2))∗ is the variety
of degenerate symmetric 3× 3-matrices.
Case 2 : dimV = 2. By the Hodge index theorem,
∣
∣∣
∣
(Y1, Y1) (Y1, Y2)
(Y1, Y2) (Y2, Y2)
∣
∣∣
∣ < 0,
whence (Y1, Y1)(Y2, Y2) < 1. So at least one of the factors must be zero;
assume without loss of generality that (Y1, Y1) = 0, then
deg(f |Y1) = (Y1, Y1 + Y2) = 1
Thus, the restriction of f to Y1 is an isomorphism from Y1 to the line L. Let
us prove that degree of the restriction f |Y2 : Y2 → f(Y2) is greater than one.
Indeed, L is tangent to C∗ at only one point, so Y has only two components.
Thus, if Y2 maps with degree 1 onto L, then
(Y2, Y2) = (Y2, Y1 + Y2)− (Y2, Y1) = 1− 1 = 0
and deg f = (Y1 + Y1, Y2 + Y2) = 2(Y1, Y2) = 2, so all nodes and/or cusps
of C∗ must be bad in the sense of Definition 3.3, which contradicts the
smoothness of X in view of Proposition 3.4. Thus, C∗ must be smooth.
Since its dual curve (C∗)∗ = C has no cusps, the smooth curve C∗ has no
inflexion points. It is well known (and follows, for example, from the Plu¨cker
formulas [BK86, Section 9.1, Theorem 1]) that the only smooth plane curve
without inflexions is the conic, whence C is a conic, which contradicts the
hypothesis. 
Remark 4.11. The trick with Hodge index theorem is essentially contained
in Van de Ven’s paper [VdV79] (see the proof of Theorem I). A similar
argument allows one to give a proof of the main result of the paper [Zak73]
that is valid in arbitrary characteristic (see [Lvo]).
Proposition 4.12. Suppose that C ⊂ P2 is a smooth or nodal curve of
degree > 2 that is general enough in the sense of Definition 1.6. Let also
X be a smooth projective surface and f : X → (P2)∗ be a finite morphism
with branch locus C∗ and such that the ramification is simple. If degC = 3,
assume in addition that C has a node or deg f 6= 4. Then there exists an
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isomorphism Φ: X → XC such that fC ◦ Φ = f , where XC and fC are
defined by equations (1) and (2), respectively.
We know two proofs of this proposition, one “topological” and one alge-
braic geometric. For the expositon in this paper, we have chosen the latter
since its rigorous version appears to be shorter.
Proof. As before, denote the normalization of C by ν : Cˆ → C. Let γ : Cˆ →
C∗ be the Gauss mapping, which attaches to a point x ∈ C the tangent to
C∗ at ν(x), where by tangent we mean the limiting tangent if ν(x) is a cusp
of C∗ and the limiting tangent at the branch corresponding to x if ν(x) is a
node of C∗.
If follows from projective duality that the definition of the surface XC
(see (1)) may be rewritten as
XC = {(x, t) ∈ Cˆ × (P
2)∗ | t ∈ γ(x)⊥}.
Now put
Z = {(x, y) ∈ Cˆ ×X | f(y) ∈ γ(x)⊥}.
Lemma 4.13. There exists a component Z1 ⊂ Z consisting of components
of fibers that have intersection index 1 with D = f−1(L) (or, equivalently,
project isomorphically onto tangents to C∗; in the proof of Proposition 4.9
these components were called Y1).
Proof of the lemma. We will be using the language of schemes.
Denote the natural projection Z → Cˆ by π1 and the morphism (x, y) 7→
f(y) by π2 : Z → (P
2)∗. Pick a line L ⊂ (P2)∗ transversal to C∗ and denote
by D ⊂ Z the closed subscheme Π−12 L. Proposition 4.9 shows that for
almost all (in the sense of Zariski topology) closed points x ∈ Cˆ, the fiber
π−11 (x) consists of two components Y1 and Y2 and D ∩ π
−1
1 (x) is a reduced
scheme of length degC∗; moreover, one of the points of D ∩ π−11 (x) lies in
Y1 and the remaining degC
∗ − 1 lie in Y2. Let K stand for the function
field of Cˆ and K¯ for its algebraic closure; put η = SpecK, η¯ = Spec K¯, and
let Zη and Zη¯ be the generic and generic geometric fibers of π1 respectively.
Then it is apparently evident that Zη¯ consists of two components and the
pullback of D is also a reduced scheme of length degC∗ such that one of its
points lies on one of the components of Zη¯, while the remaining degC
∗ − 1
points lie on the other component. To prove this assertion rigorously, we
invoke EGAIV.
To wit, consider the coherent sheaf F = OZ ⊕ OD on Z. The primary
type (“type primaire”) [Gro66, Remarque 9.8.9] (roughly speaking, it is the
collection of lengths of fibers of F at the generic points of components of
its support and at the generic points of various intersections of the closures
of these points) of pullbacks of F to fibers over almost all (in the sense of
Zariski topology) closed points is the same; since the set of points with the
property “the pullback of F to the geometric fiber over the point in question
has a given type primaire” is constructible due to [Gro66, 9.8.9.1], it follows
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that type primaire of the pullback of F to Zη¯ is the same as that of its
pullbacks to almost all fibers over closed points, whence the assertion.
Now observe that the Galois group G = Gal(K/K) acts on the set of the
two components of Zη¯. Since the pullback of D to Zη¯ is K-rational, it is
G-invariant. On the other hand, one of these component contains only one
point of D, while the other contains degC∗− 1 > 1 such points (if degC∗−
1 = 1, then C∗ and C are conics, which contradicts the hypothesis). Thus,
both these components are G-invariant, whence Zη contains a component
containing only one point from the pullback of D. This proves the lemma.

Returning to the proof of the proposition, observe that self-intersection
index of almost all of the fibers of the projection Z1 → C
∗ as curves on X is
zero due to Proposition 4.9, so they are disjoint. Thus, the natural mapping
Φ1 : Z1 → X (induced by projection to the second factor) is generically one
to one; since X is smooth, Zariski’s main theorem implies that Φ1 is an
isomorphism. On the other hand, if we define the morphism Φ2 : Z1 → XC
by the formula (x, y) 7→ (x, f(y)), then it is easy to see that Φ2 is also
generically bijective, whence isomorphic. Now we may put Φ = Φ2◦Φ
−1
1 . 
Now the (b)⇒ (a) implication in Theorem 1.1 follows immediately from
Propositions 4.12 and 4.1.
Remark 4.14. If degC = 3 and deg f = 4, Theorem 1.1 does not hold.
Indeed, if f : v2(P
2) → P2 is a general projection of the quadratic Veronese
surface, then the branch locus of f is the curve C∗ ⊂ P2 that is dual to
a smooth cubic C. If L ⊂ P2 is a general line, then the restriction π =
f |f−1(L) : f
−1(L)→ L is a generic covering of degree 4 ramified over L∩C∗,
that is, over the branch locus of the projection prL⊥ : C → L. By the very
construction, the mapping π can be extended to the mapping f : v2(P
2)→ P2
ramified over C∗, but deg f = 4 6= 3, so f is not equivalent to a projection
of the plane cubic.
The following corollary of Theorem 1.1 is essentially its “topological”
reformulation:
Corollary 4.15. Suppose that C ⊂ P2 is a nodal curve of degree > 2 that
is general enough in the sense of Definition 1.6. Suppose that a point p ∈
P
2 \ C is such that the composition prp ◦ν : Cˆ → P
1, where ν : Cˆ → C is
the normalization and prp is the projection from p, has simple ramification.
Denote by L ⊂ (P2)∗ the line in the dual plane corresponding to the point
p ∈ P2, and suppose that C ′ is a smooth projective curve and π : C ′ → L is
a holomorphic mapping with simple ramification and such that the branch
locus of π coincides with L ∩ C∗. If degC = 3, assume in addition that C
has a node or deg f 6= 4. Then the following two conditions are equivalent.
(a) There exists an isomorphism ϕ : C ′ → Cˆ such that (prp ◦ν) ◦ ϕ = π.
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(b) The covering π−1(L \ C∗) → L \ C∗ can be extended to a covering
X0 → (P
2)∗ \ C∗ with respect to which all nodes and cusps of the curve C∗
are good in the sense of Definitions 3.2 and 3.3.
Proof. Immediate from Theorem 1.1 and Proposition 3.4. 
Our proof of Theorem 1.1 implies the following corollary:
Corollary 4.16. Suppose that C ⊂ P2 is a nodal curve that is general
enough in the sense of Definition 1.6. If C is not a smooth cubic, then any
two generic coverings X → (P2)∗, ramified over C∗ and with smooth X, are
equivalent.
If degC ≥ 7, or degC = 6 and C has at least one node, or degC = 5
and C has at least three nodes, then this corollary is implied by [Kul99,
Theorem 10].
It is well known (see, for example, [Kul99]) that this assertion is wrong if
C is a smooth cubic. A relevant counterexample is essentially contained in
our proof of Proposition 4.9 (Case 1).
5. The smoothness condition is (sometimes) essential
In this section we show that the smoothness condition in Theorem 1.1 is
not trivial, at least for the case of smooth curves of degree d = 3 or 4 and
mappings of degree d.
To wit, we prove the following.
Proposition 5.1. Suppose that d = 3 or 4. Then there exist a smooth curve
C ⊂ P2, degC = d, a line p⊥ ⊂ (P2)∗ (where p ∈ P2 is a point) transversal
to C, a smooth projective curve C ′, and a holomorphic mapping π : C ′ → p⊥
with simple ramification such that deg π = d and π is ramified exactly over
C∗ ∩ p⊥ with the following properties.
(1) For a point t0 ∈ p
⊥ \C∗, the fiber monodromy homomorphism π1(p
⊥ \
C∗, t0)→ Perm(π
−1(t0)) can be factored through the homomorphism π1(p
⊥\
C∗, t0)→ π1((P
2)∗ \C∗, t0) induced by the embedding p
⊥ \C∗ →֒ (P2)∗ \C∗.
(2) The mapping π : C ′ → p⊥ is not equivalent to the projection prp : C →
p⊥.
We will need the following lemma.
Lemma 5.2. If d = 3 or 4, then there exists a surface with isolated singu-
larities X ⊂ P3, degX = d, such that its dual X∗ ⊂ (P3)∗ is isomorphic to
X and the general hyperplane section of X is general enough in the sense of
Definition 1.6.
Proof of the proposition modulo Lemma 5.2. Let X ⊂ P3 be a surface from
Lemma 5.2. For a general point r ∈ P3, the projection prr : X → P
2, where
P
2 is a projective plane (incidentally, P = (r⊥)∗), is simply ramified. If
B ⊂ P2 is the branch locus of prr, then a line ℓ ⊂ P
2 is tangent to B if and
only if the plane Πr spanned by r and ℓ is tangent to X. Thus, the dual
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curve B∗ ⊂ (P2)∗ is projectively isomorphic to X∗ ∩ r⊥ = C; if p is general,
Lemma 5.2 asserts that C is a general enough smooth plane curve.
Take p ∈ P3 general and let C ′ = X∩Πp; denote the restriction of prp to C
′
by π : C ′ → L. We see (taking into account that B = C∗) that π extends to
a finite morphism prp : X → (P
2)∗ ramified over C∗, where the surface X is
singular. Thus, π satisfies Condition (b) of Theorem 1.1 with the smoothness
omitted. On the other hand, π cannot be equivalent to the projection prr.
Indeed, if such an equivalence existed, then by Proposition 2.1 the restriction
of π to the preimage of the complement of the branch locus could be extended
to a finite morphism XC → P
2 ramified over C∗ with smooth XC . However,
if such an extension to a finite mapping X → (P2)∗ ramified over C∗ and
with normal (in particular, smooth) X exists, this extension is unique by
the theorem of Grauert and Remmert [Gro71, Expose´ XII, The´ore`me 5.4]
we cited before. Since we already have such an extension with singular X,
we arrive at the desired contradiction. 
It remains to prove Lemma 5.2. If d = 3, we let X be the projective
closure of surface in A3 defined by the equation x1x2x3 = 1 (this surface was
considered in [ACT02]). A direct computation shows that X contains only
three singular points (of the type A2) and that X is projectively isomorphic
to X∗. Since any smooth plane cubic is automatically general enough in the
sense of Definition 1.6, the surface X is as required.
To treat the case d = 4 we need to recall the definition and some properties
of Kummer surfaces.
Suppose that J is a principally polarized Abelian variety of dimension 2
that is not the product of two elliptic curves and Θ ⊂ J is a theta divisor of
polarization. Then the complete linear system |2Θ| is base point free and
defines a finite morphism J → P3; the image of this morphism is a surface of
degree 4 with exactly 16 singular points of the type A1; the surfaces obtained
by this construction are called Kummer surfaces (see, for example, [Dol12,
Section 10.3]). Any Kummer surface X ⊂ P3 is projectively isomorphic to
its dualX∗ ⊂ (P3)∗ (see [Dol12, Theorem 10.3.19]). Thus, to finish the proof
of Lemma 5.2, it remains to show that there exists a Kummer surface such
that its general plane section is general enough in the sense of Definition 1.6;
since such sections are plane quartics, it suffices to establish that a general
plane section has only simple inflexion points.
The following lemma and its proof were pointed out to us by Rita Pardini.
Lemma 5.3 (R. Pardini). Each non-hyperelliptic curve of genus 3 (smooth
and projective) is isomorphic to a plane section of an appropriate Kummer
surface in P3.
Proof of the lemma. Suppose that C is such a curve, and let σ : C1 → C
be an unramified covering of degree 2. Denote by (J,Θ) the Prym variety
corresponding to this covering [BL04, Section 12.2]. According to [BL04,
Proposition 12.5a], the Abel–Prym map embeds C ′ in J as an element of
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the linear system 2Θ. Multiplication by −1 on J restricts on C1 to the
involution induced by σ, hence the image of C1 via the map given by |2Θ| is
a plane section of the Kummer surface associated to (J,Θ), and this section
is isomorphic to C. 
Now if we pick a smooth plane curve C0 ⊂ P
2 of degree 4 such that all its
Weierstrass points have index one, or, equivalently, all its inflexion points
are simple, Lemma 5.3 shows that C0 is a plane section of a Kummer surface
X ⊂ P3; since the property “all the Weierstrass points have index one” is
open, a generic plane section of X has only simple inflexion points, which
completes the proof of Lemma 5.2.
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